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SUMMARY

A recently developed technique for control system design utilizes the feedback of all
the state variables of the system. A program written in FORMAC to facilitate this design
procedure is discussed.

The program must be supplied the open-loop transfer function, properly segmented
into as many parts as the order of the system. Algebraic expressions for the unknown
state variable feedback coefficients (the gains through which the state variables are fed
back) are then calculated. Under certain conditions that result in a set of n algebraic
equations linear in the unkncwn feedback gains, the program accepts additional input (the
transfer function describing the desired systen.l response) and calculates the values of the
feedback gains which yield this response. A root locus diagram is plotted to display sys-
tem sensitivity to variations of the gain in the left-most block of the open-loop transfer
function.

Several examples of the use of the program are included and a complete program
listing is given in an appendix.

INTRODUCTION

An important conclusion of modern control theory is that to minimize a broad class
of integral type performance indices all the state variables of the system to be controlled
must be fed back (refs. 1to 3). Recently, this conclusion has been used as the basis for
a new method of linear system synthesis, called state variable feedback design technique
(ref. 1). Although the method has its origin in modern control theory, the tools used are
familiar to engineers acquainted only with conventional control theory - namely, the

Laplace transform and the frequency domain.
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A system state variable is one of a set of n linearly independent variables, which
are sufficient to completely describe the behavior of the system. These variables may be
time derivatives of an output variable of the system (phase variables) or actual physical
variables which may or may not be measurable.

The object of the design procedure is to achieve an initially specified closed-loop
response by the proper selection of the gains of amplifiers through which the state varia-
bles of the system are fed back. The task is accomplished by formulating and solving a
set of algebraic equations for the numerical values of the feedback amplifier gains. For
control systems whose order exceeds two or three, a good deal of effort must be expended
in carrying out the computational aspects of the design. However, the nature of the syn-
thesis method is such that a digital computer can be used to perform much of the tedious
calculation. A computer program for performing this function has been developed and
utilized for state variable feedback design of several servosystems.

During the following discussion, some background concerning state variable feedback
design technique is given. However, it is assumed the reader will refer to references
such as 1 and 4 to obtain a full understanding of the method. Our objective is not to give
a thorough treatment of the design technique but to provide information pertinent to the use
and limitations of the computer program.

SIMPLE EXAMPLE OF STATE VARIABLE FEEDBACK DESIGN TECHNIQUE

To initiate the discussion of both the state variable feedback design technique and the
computer program, consider the system whose block diagram is shown in figure 1(a).
Here, quantities designated by capital letters represent Laplace transformed quantities,
that is, functions of the complex frequency variable s. The system input is E(s), the
state variables are Xl(s), Xz(s), and X3(s), and the system output is C(s) = X3(s). In
the left-most block is the closed-loop gain k. For the sake of clarity, no physical inter-
pretation is given to the variables. Note that the outputs of each of the blocks can be
taken as the state variables; in other words, the natural system variables are a suitable
choice for state variables.

The open-loop transfer function of the system in figure 1(a) is

G(s) = __k(5+3)
s(s + 2)(s + 4)

Through the use of the state variable feedback design technique, the closed-loop
transfer function (C(s)/R(s)) of this system may be made to correspond to any comparable
desired transfer function Gdes(s). The design technique requires that all state variables
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bz fed back through linear amplifiers as shown in figure 1(b); the gain of each amplifier
(feedback coefficient) is then determined so that C(s)/R(s) = Gdos(s)'
Suppose, in this case, the desired closed-loop response is

_ 14.1667(s + 3)
Gges(s) = ———=

(1)
(s +5)(s + 1.5)% + (2. 5)2]

14.1667(s + 3)
2

s3 + 852 +23.55 + 42.5
To solve for the feedback coefficients (hl’ h2, h3) that allow the desired closed-~loop

transfer function G _(s) to be achieved, it is first necessary to calculate the expression

for C(s)/R(s) for figﬁie 1(b). This task is facilitated by block diagram manipulation to

give the block diagram shown in figure 1(c). In this figure the forward path transfer func-
tion G(s) is unaltered. The feedback transfer function He (s) is the single feedback path
transfer function which is equivalent to the multifeedback path arrangement of figure 1(b).

With

C(s) _ G(s) 2)
R(s) 1+ G(s)Heq(s)

the closed-loop transfer function is found to be

C(s) k(s + 3)

R(s) 3

(3)
2
s” + [khy +Kkhy + 6]s” + [4kh; + 3khy + kh

+ 8]s + 3kh

3 3

In order for equations (1) and (3) to be identical, the gain k must be 14. 1667 and the
following equations must be satisfied:

kh1+kh2+6=8

4kh, + 3kh +kh3+8=23.5

1 2

3kh, = 42.5

3

The feedback coefficients are, therefore,




hl = -0. 329
hy = 0.471
h3 = 1.000

To illustrate system sensitivity, a root locus diagram may be plotted.

A review of the preceding example will indicate the need for mechanizing the alge-
braic manipulation and numerical calculations necessary to use the state variable feedback
design technique in large problems. Manual calculation of the feedback gains is tedious
and open to error, even for as simple a system as discussed here. Moreover, specifica-
tion of a desired closed-loop transfer function is not usually a simple task. Aspects other
than the overall response of the system must be weighted in the control design. For in-
stance, it may be desirable (1) to keep the feedback gain of a certain state variable to a
minimum in the hope of eventually eliminating the necessity of measuring or generating
it, or (2) to reduce system sensitivity to gain changes at some unknown distribution of the
desired closed-loop poles. These aspects would require the specification of the Gdes(s)
on a trial and error basis and the calculation of the feedback gains for each trial. The
volume of calculation required for such an approach makes the adaptation of the design
procedure to a computer almost mandatory.

PROBLEM PREPARATION

Application of the state variable technique to control system design requires that
(1) the open-loop transfer function G(s), describing the system to be controlled, be de-
fined, and (2) the transfer function Gdes(s) of the desired response be specified. The use
of the FORMAC program as an aid in this application places certain requirements on the
form of this input data. The transfer function G(s) must be expressed as

i=n
G(s) = 'I_I' KiGi(s)
i=1

This means the block diagram defining the problem must have been drawn as in figure 2
where

(1) The state variables are Xi(s).

(2) The constants are K,.




(3) The rational functions G.l(s) with constant coefficients are defined so that (a) the
coefficient of the highest degree term in each denominator is unity and (b) the h, are
constant but unsnecified gain coefficients.

The reader may object to the exclusion of polynomials in s from the feedback blocks
because it is often impossible or not economically feasible to measure all the state varia-
bles of a system, but it is usually possible to generate them. Such a situation might arise
for the system of figure 1(b). Here, for instance, it may not be possible to measure
Xz(s), but the variable can be generated from Xl(s) or X3(s) as in figure 3(a) or (b).
Similarly, it may be necessary to generate the state variable Xl(s), as shown in fig-
ure 3(c). All of these cases can be made to conform (to the restriction placed on the
hi's) by block djagram manipulation. The case where one or more of the Gi contains a
pair of complex poles can also be handled; the design of the fuel valve control system for
a jet engine given in appendix A is such a case.

If the program is to continue beyond the formulation (and output) of the numerator and
denominator polynomials of Heq(s) and C(s)/R(s) to the solution for the numerical val-
ues of the hi's, it is required that the contents of the first block G1 (s) be of the form
k/(s + ¢) where c is a specified constant and k is not specified.

There are also restrictions on the form of Gdes(s):

(1) The numerator of Gdes(s) must be exactly the same as the numerator of G(s)
except that all constants must be specified in Gdes(s). One unspecified constant k must
be contained in Gl(s).

(2) The degree of the denominator of Gdes(s) must be the same as the degree of the
denominator of G(s) after cancellation.

(3) The coefficient of the highest degree term in the denominator of Gdes(s) must be
unity.

Problems formulated as in figure 2 are ready to be solved using the computer pro-
gram. In the discussion of the program, we refer to the following two types of problems:

Case I: The coefficients of the denominator polynomiai of C(s)/R(s) are linear in
the hi and no other unknowns appear. Such problems are those for which the time con-
stants of G(s) are all known, the number of state variables being fed back is equal to the
number of poles in G(s) after cancellation, and GI(S) is of the form k/(s + ¢).

Case II: The coefficients of the denominator polynomial of C(s)/R(s) are nonlinear
in hi’ or contain other unknowns. The design procedure may be applied to a G(s) in
which one or two of the time constants are not defined; this is a Case Il problem. If the

cancellation, this is also a Case II problem.



DESCRIPTION OF THE PROGRAM

The computer program is written in FORMAC and is executed at Lewis Research
Center on a 7094 I1-7044 DCS. This program accepts as input (and immediately writes as
output) the polynomials in s and possibly unknown time constants A and B which are the
numerators and denominators of the Gi's of figure 2. The program then generates the
algebraic expressions for the numerator and denominator of Heq(s) and of C(s)/R(s).

The coefficients of these four polynomials are then output. Case II type problems are
terminated at this point (see Problem Preparation, Case I, p. 5), since the expressions
of h, in Heq(s) are either nonlinear or contain unspecified quantities (A and B).

For Case I type problems, where the expressions are linear, further input is accept-
ed and printed out. This input must be a set of numbers, the first being a numerical value
of k, the closed-loop gain in Gl(s), and the remaining numbers being the numerical coef-
ficients of the denominator of the desired transfer function Gdes(s)' They are used to
establish a set of simultaneous linear equations which are then solved for the numerical
values of the hi's. These feedback coefficients are printed, followed by the zeroes and
poles of the closed-loop characteristic equation, by the poles of C(s)/R(s) for several
multiples (k') of the input value of k (where k'=[.1, .5, 1., 1.5, 2., 3., 5.]), and
finally by the zeroes of C(s)/R(s). A root locus diagram terminates the output for such
an input set of numbers. If there are further such sets of numbers, the program will re-
peat the procedure described in this paragraph for each set.

PREPARATION OF INPUT DATA SHEET

Figure 4 is a blank input data sheet to be filled in according to the instructions on
input data sheet instruction form (fig. 5). The first line of the input data sheet is avail-
able for a title (of not more than 79 characters). The next line must have three two-digit
integers; the first (KG) is the number of blocks (3 = KG = 10) in the open-loop transfer
function, the second (NN) is the order of the numerator of the open-loop transfer function
G after cancellation, the third (ND) is the order of the denominator of the open-loop
transfer function after cancellation. Case I problems must have KG = ND. For Case II
problems ND may be as large as 38.




The following lines have a two-digit sequence number--from 01 through twice KG.
The FORMAC expression1 for the numerator of the first (left-most) block is followed by
that for the denominator of the first block, then the numerator of the second block, etc.,
through the denominator of the last (right-most) block. This is all that is required for a
Case II problem.

For Case I problems, further input consists of a single value for k, followed by
numbered lines (01 through ND) each of which contains a coefficient of the denominator
polynomial of Gdes(s) in descending order, beginning with the coefficient for the SND_I
term (the coefficient for the sNDth term is always unity), and on the NDth line, the
constant term.

Further sets of one value of K and ND coefficients may follow.

Figure 6(a) is an input data form completed for the example problem (Case I). Fig-

ure 6(b) is an input data form for a sample Case II problem [G(s) = _k(s+B)
(s + 2)(s + 4)s

created by substituting the dummy variable B into the example problem of figure 1(a) to
illustrate the differences in input and output for Cases I and II.

Input data cards are punched directly from the completed input data form. For
Case II problems, a single blank card follows the other cards.

DESCRIPTION OF OUTPUT

Figures 7(a) and (b) are the complete output listings from the input supplied in fig-
ures 6(a) and (b). The first page displays whatever title has been provided on the first
card of the input and is followed by the information from the first group of cards with
appropriate identification. Pages 2 and 3 display the coefficients of s in the four poly-
nomials formed by the program -- the numerator and denominator of He (s) and the
numerator and denominator of C(s)/R(s) -- in terms of s, the input gain k, the h.'s
(feedback coefficients), and the unknown time constants A and B, if used. The ou;tput
for Case II problems (fig. 7(b)) terminates at this point.

1A FORMAC expression is similar to a FORTRAN expression in that it uses * for
multiplication and ** for exponentiation, etc., but it must be terminated by $.
The polynomial s3 + 7s2 +2.2s + 1.4 is a correct FORMAC expression when
written in any ane of the following ways:
(1) s** 34T, *s*x %242 ,2%s5+1.4 $
(2) s*s*s+T7.*s*s42.2%5+1.4 $

(3) ((s+7.)*s+2.2)*s+1.4 $



In figure 7(a), page 4 displays the coefficients of Gdes(s) -- all but the first of which
are input, followed by the input value for CK (the closed-loop gain). The lower half of
this page displays the numerical values of the hi's that satisfy the equations defined by
the input values immediately above. Page 5 displays the values of the zeroes followed by
the values of the poles of the characteristic equation. The roots of this equation are then
printed for each of several mulitiples of the input design value of k. The zeroes of
C(s)/R(s) follow.

All the points on pages 5 and 6 are plotted in the root locus diagram on the last page
of figure 7(a). The legend below the plot shows the number of points of each type, but
they may not all appear on the plot because overprinting is not used.

If additional sets of CK and coefficients are provided, the output will repeat from
page 4 through the plot for each such set.

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, May 10, 1967,
125-23-02-10-22.




APPENDIX A

DESIGN OF A FUEL VALVE CONTROL SYSTEM

One of the first applications of the state variable feedback technique was to a trial
design of a fuel valve servomechanism for a J-85 jet engine. The engine is being used by
Lewis Research Center for studying engine and inlet controls for the supersonic trans-
port.

In order to apply the design technique, it was necessary to use a linear model of the
physical system. The system transfer function for the torque motor, hydraulic servo-
valve, and fuel valve was found to be

2.5k 2.262x10%s

s +2500/ \ $3 , 3 669x10%s2 + 2.104x10"s + 1.762x1010

G(s) =

5.769x10° 11

s 2 +6.583x10%s + 2.28x108/ \ S

8.483x10

| bt

(A1)

As is evident, G(s) is a Tth order system after cancellation. This means that seven
state variables will completely describe the system and, consequently, in the block dia-
gram G(s) must contain seven blocks. The output of each of these blocks will be a state
variable to be fed back. The system G(s) may be described as

=7
G(s) = ﬁ K,G, ()
i=1

K,G,(s) = 20K
s + 2500

2.262x10%52

KyGy(s) =
3 4 3.659x103s2 + 2 104x107¢ + 1.782%1510

K3G3(s) =1/s



K ,G,(8) = 5.769x10%/s

8.483x1011g

K5G5(s) =
2 a 3 8
s” +6.3583x10%s + 3.28%x10

K6G6(s) =1/s

K7G7(s) =1/s

The transfer functions K3Gq(s) and K6G6(S) have been inserted to supply seven state
variables. To maintain the same open-loop transfer function, KZGZ(S) and K5G5(s) have
been multiplied by s.

The block diagram for state variable feedback is shown in figure 8 where

R reference input

k servoamplifier gain
and the state variables are

I torque motor current
i{f flapper valve velocity

Xg flapper valve displacement

Xg spool valve displacement
c actuator acceleration

¢ actuator velocity

c actuator position

This diagram provides enough information to fill in lines 1 to 14 on the input data
sheet (fig. 9) for this problem.

The next step was the selection of the closed-loop transfer function Gdes(s) to real-
ize a system response having a bandwidth as large as possible with a small overshoot in

response to a step input. Two complex poles of the closed-loop system were chosen to be
given by the transfer function

8
G 3.28x10

1,des(® = (A2)

s2 + 6.883x10%s + 3.28x108

10




Equation (A2) corresponds to part of the fixed system, equation (A1); this choice was
made because the bandwidth of equation (A2) is far beyond that of the other component
transfer functions of the system and so will have little effect on the system bandwidth. The
remaining closed-loop pole locations were chosen after a careful study of the normalized
step response and frequency response curves of reference 5. This reference gives the
normalized transfer function for systems with no zeroes which cause the following per-
formance index to be minimized:

1=f0 t- |eldt (A3)

In this performance index (the integral of time-multiplied absolute value error), e is the
difference between the system response to a unit step input and the step itself. This cri-
terion was chosen because it gave the desired transient characteristic (step response)
compatible with the bandwidth requirement (frequency response).

The denominator of Gdes(s) is completed by using the fifth order polynomial in
table V of reference 5. The constant numerator of Gdes(s) is now chosen so that
Gdes(O) = 1, assuring zero steady-state error for step inputs. This is done by letting the
numerator equal the value of the denominator as s - 0. Consequently, the closed-loop
transfer function becomes

1.025x1027

G, (s)=
des i
<s2 +6.683x10%s + 3.28><108><s5 +2.8w st 153455 w3s? + 3.4 wis + wg)

(A4)
In equation (A4) the value of w, governs the system bandwidth; the value 5000 was
chosen to give a system bandwidth of 600 hertz which is well beyond that of the dynamic
characteristics of the engine. Substituting this value in equation (A4) gives

C'cles(S> =

1.025x10%7

1234

20_2 2

448 +2.4283x10%%s% 4+ 7. 1789%10

s7+2.06821x10%s5 + 5. 4655x1085° + 6. 1149x10 3

27

+4,7720x1015¢ 35.41.0250%10

]

€sired clused-ioop transter function.
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It is also necessary to determine the value of k (the unspecified constant in the first
block of fig. 8). Since the numerators of G(s) and Gdes(s) must be equal, we set

2.5 k(2. 262x10%) (5. 769x10%) (8. 483x1011) = 1. 0271027

giving CK = 37 036.

We have now all of the information needed to complete the input data sheet (fig. 9).
The complete output listing for this problem is given in figure 10.

As a check, the calculated values of the feedback gains hi (p. 4 of fig. 10) were used
in an analog computer simulation of the linearized fuel valve control system. A system
bandwidth of 600 hertz and an overshoot less than 10 percent in the step response was
achieved.
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$TAFMC MAIN
SYMARG
ATOMIC
LOGICAL CHK
COMPLFEX RGN(10)

NDIMENSTON
DIMENSTON
DIMFENSION
DIMENSINN X{ 20, 201},
DIMENSTON

APPENDIX B

PROGRAM LISTING

H{10),GN{10).GN{10),S,CKsA.B

DIMENSTON DIM(130
FOUIVALENCE (KK,

DATA PCKI(4) .,

1

LFT
LET
LET
LET
LET

LET FSI(I

t

cen)
nen)
E(n)
F(I)
G(I1)

76 CONTINUF
80 NN 90 1

LET
LET

GNN{
GNDY(

HFETRN{(T?Y

90 CONTINUE

Yo

PCK(6)

HN. THX.
DIMENSION PCTGL10)
DATA PCTG / <le &5
DATA 4T0P /7 7 /
NLAR PARAM
1( GN(1) .
?{ GN(2).,
3{ GN(3),
4( GN(4),
5 GN(S).
6( GN(6).,
T( GN(T)
8( GN(8),
9({ GNI{9),
1(GN{10) 4GNN(10})
NLAB PARAM
10 6NILY,
20 GD(2),
I{ GN(3),
40 GNL4Y,
5( GNUSY,
A GNU6),
70 GD(TY,
8l GD(8),
9( GN(9I),
H{GNE10Y.GADC10))
PLAR PARAM
1{ H{1Y,
20 H(2) .
30 H(3)Y,
40 H(4),
5( H(S).
60 H(6),
TU HITY,
R{ H(BY.
9 HI{N,
Al H(10)},
70 N 76 1

GNN(1}),
GNNI(21),
GNN(3)),
GNN(4)),
GNN(S)),
GNN{61),
GNNI(T))
GNN(8)),
GNN{91),

GND(1}),
GDND(2}) .
GNDI(3) ),
6GNN(4) ).,
GDD{S) Y,
GPD(6) ),
GDNET) ).
GND(8)Y) .
GNNI9Y I,

HFTRN(1)
HFTRN(2)
HFTRN{3)
HETRN({4)
HFTRN(S)
HFTRN{6 }
HETRN(T )
HFTRN(R )
HFTRN{9 )
HFTRN(10
= 1l. 40

~ 0NN

-]

o« o e

- -

)'
)
"
Yo
)
!

R{

10)

DFTRN(10) .HF TRN(10)

PGN(10).PGN(10),GNN(210},GDN(10),ARRAY(13)
Cl40)+D{40),E(40),F(40),G(40)
DS(40) +FS(40).CH(40) ,CHCK(40)

ARL{130) ,PP{11),KK(14).,PCK{14)
PCK )
PCK(8),PCK(10)
1H*

1ew

1H+,

1.5

2.

3.

/

Sae

Oas

Oae

0.

/
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14

92
a5
96

94
100
102

104
106
108

110
111
112

113
114
115
116
117
118
120
122
124
126
128
130
132
134
136

138
140

141
142

144
145

148
150
15t
154

156

RFAD (5,499)
RFEAD(S5,498) KG+NN,ND
WRITF ( 6. 499 )
WRITF (64501) KG.NN,ND
IDATA = 0O
NN 120 1 = 1.KG
IDATA = IDATA + 1
IDMINY = IDATA - 1
READ( S, 511 ) ID1,
1F{ ID1 - IDATA ) 108,110.108
WRITF( 6, 513 ) IDMI
G0 TO 1000
JSTART = 0

FT GNN(J) = ALGCON

WRITE( 6. 530 ) J
WRITE( 6, 541 } ( ARRAY(I), I = 1, 13}
INMINY = IDATA
IDATA = IDATA + 1
RFAD( S, S11 ) ID1,
IFL IN1 —- IDATA )

J

STARY = 0

LET GDD(J) = ALGCON
WRITEL 6, S51 ) J
WRITF{ 6, 541 )( ARRAY{D)s I = 1. 13}
CONTINUF

LFT PGNI(Ll)=1.

NN 126 J = 2.KG

ET  PGN(JI= PGN{J-?

{ ARRAY(I), I = 1,

N1

ARRAY{1)., JSTART

{ ARRAY({I), I =1,
108,116,108

ARRAY{(1), JSTART

1% GNUJ)

L

CONTINUF

LFT HEQD = PGNIKG)
LFT CRN = GN(1)*HEQD

LFT PGNIKGI=1.
nn 132 J = 2.KG

L = KG-J+1

LFT PGN(L) = PGDIL+11*GD(L+1)
CONTTINUF

LFT CRNTYI= PGN(1)* GDI(1)

LFT HFON =0.

no 138 J = 1,.,KG

LFT HFQON = HEQN +H{J)*PGN{J}*PGD(J)
CONTINUF

L

FT CRDT? = GN(1)*HEON
LEY CRD = CRDT1+CRNDT2

ERASF CRDT2

N 144 J = 1,.,KG

FRASF PGN(J)PGN(J)

CONTINUE

~

LFT CRNS = SUBST
LFT CRNSE = FEXPAND
ERASF CRN,CRNS

LFT HEODS = SURST
LET HFODSF= EXPAND
ERASE HFQN, HEQDS
LFT CRNDS = SUBST
LFT CRDSF = EXPAND
ERASE CRD,CRDS

LFT HFONS = SURST
LET HFINSE= EXPAND
FRASF HFQN, HEQNS
LFT CRNT1S SUBST

CRN o« NLAB.DLAB
CRNS

HEQD , NLAB,DLAB
HEQDS

CRD + NLAB.DLAB
CRDS

HFON + NLAB,DLAB
HE QNS

CRDT1.NLAB,DLAB

LET CNDT1ISF = FXPAND CRDTI1S

FRASF CROT1,CRDTI1S
N =0
1=1

1 = 141
N=V2

FT CUI) = COEFF CRNSF,S*&N,V1,V2

IF(N.NF.0) GO TO 151

I=1

FT DUI) = COEFF CRNSE.S*%¥N,Vi,.V2

I = 1+1
N=V?

IFIN.NFLN) GO TO 156
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161

164

166

169

171

174

176

179

182

135

188

190
191
1992
1994
1996
2n0
210

230

250

260
262

280
282
?R4

288
290
3000
ANN2

/006

RI10
B012
AN14
RO20
8022

3076
3028
80130
3037
3950
8052

=1
LET F{I) = C

T = [+1
N=v2
TFINJNF.O)
=1
LFT FLIY = C
T = 1+1
N=V?2
TF(N.NE.O)
T =1
LFT G(T) = C
T=1+1
N = V2

IF{ N .NF. O
FRASE CRNSF
LET CHK = MA
IF{ CHK ) G0
LFT C{ ND+2
LFT CHK = MA

OEFF HEQDSE.S*¥*xN,V1,V2

GO TO 161

NEFF HEQNSE,S**N,V1,.,V2

GD YO 166

OEFF CDT1SF, Sx#&N, Vi, V2

Yy GO TO 17!
+CRNDSELHEQONSE,HEQNSE.COT1SE
TCH InD, C(1), 0.0

T0 179
) = C(1)

TCH 1D, D(1},s 0.0

TIF( CHK ) GO TO 182

LET N{ NN+2
LFT CHK = MA
IFt CHK ) GO
LET F( NN¢2
LET CHK = MA
IF( CHK ) GO
LET FU ND+1
LFT CHK = MA
IFL CHK ) GD
LET GC ND +
CALL OUT{ K6
nn 1996 1 =
FRASE F(1)
CONTINUF
CALL R7 ( K&
NN 250 J=1.
LET TEMP =
nn 230 K =
LFT TFMPL =
LFT X(J,K)
LFT TEMP =
CONTINUE
LFT R(I) =
CONTTNUF
FRASE TEMP,
CALL MATINV{
no 280 11 =
HF TRN(
no 280 12 =
HETRN{T1) =
CONTINUF
WRITFL 6. 59
no 288 ( = 1
WRITF( 6. S9
CONTINUE
INDEX = 0O
WRITF( 6, 90
NLFSS1 = ND
NPLUSI = ND
DN 8010 J =
LET FS(J) =
CONTINUF
LET UNITY =
IF{UNITY,.EO.
CALL FMTOFN(
no 8076 J =
nNETAMISY =
CONTINUF
IF (NLFSS1.
CALL ROOTXXI
60 TO 8090
NLFSS1 = NLF

ArTosce
.

) = Nl

TCH D, F(1)s 0.0
TN 185

) = BE(D)

TCH INe F{l), 0.0
T0 188

) = F(1)

TCH IDs G(l)y 0.0
T0 191

2 ) = G6(1)

+ NNo NDy Co D, E, F)
1.40

» CKI. R}
KG
SUBST C{J+2) 4(CK,CKI}
1.KG
COFFF TEMP, H(K)
= EVAL TEMP1
SURST TEMP,{HI(K},0.0}

EVAL R(J)-TEMP

TEMP1
Xo KGo KSIG }
1.KG
11y = 0.
1.KG
HFTRN(TLY + X(I1,12) * R{I2)

a0
. KG
2 ) L, HFTRN(L)

6 )

-1

+ 1

2+NPLUST

SURST F(J}. PLAB

EVAL FSI(2)
0.) GO TO 8050

NLFSS1. FSe DFTRN )
l.NLESSll

TYRNUST /7 UNT

FQ.1) GO TO 8082
DFTRN, RGN, NLESS1 )}

$S1-1

IF(NLFSS1.FQ.0) GO TO 8070
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ROK0 NN BN64 J = 2.11
80672 LFT FS{J-1) = FSUJ)
RD64 CONTINUF
G0 TO 8012
8070 WRITF{6.560)
G0 TO 8150
R082 RGN(1) = DFTRN(1) *(-1.}
8090 NN 8100 J = 1.NLFSSI
INDEX = INDEX + 1
ARL( INDFX ) RFAL{ RGNI(J) )
NIM{ INDEX ) AITMAG( RGN(J) )
WRITF( 6, 902 ) ARLCINDEX), DIM{INDEX)
8100 CONTINUE
8150 WRITF( 6, 904 )
8160 CALL FMYOFN( ND, Go DFTRN )
8170 CALL ROOTXX( DFTRN, RGN. ND )
8180 DO 82004 = 1, ND
INDFX = INDEX + 1
ARL{ TNDEX ) RFEAL( RGNI(J) )
DIM{ INDFX ) ATMAG( RGN{J) )
WRITF( 6, 902 ) ARL(INDFX), DIMUINDEX)
8200 CONTINUF
R40N WRITF{ 6, 908 JCKI
R4N? NPLUS? = ND + 2
8404 DO B410 J = 2.NPLUS2
LET CH{J} = SUBST C(J). PLAB
R&410 CONTINUF
8412 N0 8470 4 = 1.J70P
GAIN = PCTG{J) * CKI
8416 NN 8420 1 = 2.NPLUS?
LET CHCKI{T) = SUBST CH(I), ( CK. GAIN )
8420 CONTINUF
8430 CALYL FMTOFN( ND, CHCK, DFTRN )}
R440 CALL ROOTXX{ NDFTRN. RGN, ND )
8450 N0 8460 K = 1.ND
INDEX = INDEX + 1
DIM{ INDEX ) = ATMAG{ RGN(K) )
ARL( INDEX ) = REAL({ RGN(K) )
WRITE( 64 910 } PCTG(J)e GAIN, ARL(INDEX), DIM{INDEX)
R460 CONTINUF
WRITF ( &, 901 )
3470 CONTINUF
R210 WRITF( 6. 900 )
8220 NPLUS? = NN + 2
8230 DO 8234 J 2.NPLUS2
LFT DS(MN SURST D(J)s { CKy 1. )
37234 CONTINUF
3738 IF (NN.FQ.0) GO TO 8270
R246 CALL FMTOFN( NN, DS, DFTRN )
LFT TFMPD = EVAL DSI(2)
NN R247 T = 14NN
8247 NFTRN(I) = DFTRN(T)I/TEMPD
8248 [IF (NN.FQ.1) GO TO 8282
R?50 CALL RONTXX( OFTRN. RGN, NN )
8252 GN TN 8290
A270 WRITE (6.,560)
A27? GO TN 870
8282 RGN(1) = DFTRN(1) *(-1.)
8290 NN 8300 J = 1NN
INDFX = INDEX + 1
ARL{INDEX) = REAL ( RGN(J} )
DIM({ INDEX ) = AIMAG( RGN(J) )
WRITE( 64 902 ) ARL(INDFEX). DIMUINDEX)
8300 CONTINUFE




B70 PPL1) = 5.
PP{3) = 0.
PP{4) = O.
KK{1) = 7
KK(2} = &
KK{3} = NLFSS1
KK{5) = ND
KK({7)} = JTOP * ND
KK(9) = NN

WRITF( &, 911 )

CALL PLOTMY{ DIM, ARL., KK, PP )

WRITF{ 6+ 912 ) KK(3)4KK{S)KK{T),KK(9}
999 GO TO 200
498 FORMAT{31?)
499 FORMAT(1HL.79H

4991 )

501 FORMAT( 1HL. 42X. 31HSTATE VARTABLE FEEDBACK PROGRAM /

5011 1HL, 39Xs B36H--—m————e INPUT DATA ———————————~ /

5012 1HL, 19X,

5013 37TH THF OPEN LOOP TRANSFER FUNCTION HAS .12,8H BLOCKS. /
5014 1HK. 19X,

5015 45H THE NUMERATOR POLYNOMIAL OF C/R IS OF DRDER ,12, 1lH./
5016 1HK, 19X,

5017 4TH THE DENOMINATOR POLYNOMIAL OF C/R IS OF ORDER ,12,1H./
5018 1HK, 9X, 62HGN{I) AND GD(I) ARE THE NUMERATOR AND DENOMINA
S019TOR NOF THF I-TH 7

5019 10X.40HRLOCK COUNTING FROM LEFT TO RIGHT, )

S11 FORMAT{ 12, 1346 )

513 FORMAT(1HI,9X.24HDATA CARD FOLLOWING CARD .I2.,17H IS QUT OF ORDER.
5131) '

530 FORMATUL 1HL, 9X, 3HGNl, 12, 6H) = )

541 FORMAT({ 1H+, 20X. 13A6 )

551 FORMAT( 1HK, 9X, 3HGDI, 12, 6H) )

[}

560 FNRMAT{1HO,50X,14HTHFRF ARE NONF )

590 FORMAT( 1HO/

5901 1H0+31Xs S54H-———————————= FFEDRACK COEFFICIENTS - H{I) -——————————
5902/1H0 )

592 FORMAT{ 1HO, 9X. ?HH(, 12, 6H) = , G12.5 )

900 FNRMAT( 1HO / 1HO / 40X.

INOL3H———m——m—=——— TFROFS OF C/R ——————mmemmm / 1HO /

9002 17X, 9HREAL PART, 10X.14HIMAGINARY PART / 1HO }
901 FORMAT( 1H )
902 FORMAT({ 12X, G12.5, 10Xs G12.5 )

904 FORMAT(1HO/1HO/31Xe 63H-————————e=- POLES OF THE CHARACTERISTIC E
9041QUATION —---——e—emmem /1HO/

9042 12X, 9HREAL PART, 10X,14HIMAGINARY PART / 1HO )

904 FORMAT(1H1 /1HO / 32X, 6IH— - 7EROES OF THE CHARACTER
J061ISTIC FOUATION —————eeme——e /1HO /

9062 12X. 9HRFAL PART, 10X, 14HIMAGINARY PART / 1HO )

908 FORMAT{IHO /1HO / 10X, 104H-———-wmmm ROOQTS OF THE CHARACTERI
9081STIC FOUATION (POLES OF C/R) FOR VARIOUS VALUES OF GAIN ——~———==—-
9082-- /45X 78HCK (DESIGN VALUE OF GAIN) = ,G12.5/IM0/7H G/0 CK

9083, TX+4HGAIN. 13X, 9HRFAL PART.10X, L14HIMAGINARY PART /1HO )

910 FORMATI 1H « F6.2. 95X,

91 Gl12.5, X, 612.5,10X, G12.5 )

911 FORMAT( 2HPT, 57Xs 4lH-~————————w- ROOT LQACUS PLOY -——————m———— )
912 FORMATI2HPL.4BX.2H (+11.3H) 48H0 DENOTES A ZERD OF THE CHARAC
9121 TERISTIC FQUATION /

9122 2HPL+48X+s2H (+T143H) 48HX DENOTES A POLE OF THE CHARAC
9123TFRISTIC FQUATION /
9124 PHPL 48X, 1H{ ,12.3H} 48H+ DENOTES A ROOT OF THE CHARAC
9I?STERISTIC FQUATION /
9125 PHPL 48X +2H (+11,3H) 24H* DENOTES A ZERO OF C/R )
1000 STNP

END
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SIARFMC NUTNM

|

SUARDUTINF DUT{ N« NN, ND, C,s Do Fy, F )
THIS SURROUTINE WRITES C/R AND HEQ
DIMFNSION €(40), D{40}, F{40),s F(40)
SYMARG CeDoEWF
DIMENSION KOUT(?21)
NIMENSION HFTRN(20)
WRITE( 6. 501 )
GO TN 752
700 WRITF{ 6, 510 )
NPLUYS2 = NN + 2
710 DO 720 L = 2, NPLUS2
L POWFR = NPLUS?- L
WRITE( 6, 521 ) LPOWER
LET NFL = ORDFR D{L), INC, FUL
S1G = 0.
727 LET SIG = BCNCON DEL + KDUT. 21
WRITE( 6, 531 ) [ KOUT(S), J = 2. 21 )
718 1F( SIG .NE. 0. ) GO TO 722
720 CONTINUF

WRITF( 6, 540 )

NPLUIS? = ND + 2

nn 750 1. = 2, NPLUS?
LPOWFR = NPLUS?- L
WRITE( 6, 521 ) LPOWER

*
LFT NFL = ORDER C{L}s INC, FUL
SIG = 0.
T4Y LFT SIG = BCDCON DEL , KOUT, 21
WRITF( 6, 531 ) { KOUT{WN . J = 2, 21 )
748 IF( SIG .NE. 0. ) GO TO 741!
750 CONTINUF

RETURN

752 WRITF( 6. 560 )
NPLUS? = ND + 1
nn 770 L = 2+ NPLUS?
LPOWFR = NPLUS?- L
WRITF( 6, 521 ) LPOWER

D
LFT DEL = ORDFR F(L), INC., FUL
SIG = 0.
761 LFT SIG = RCDCON DEL . KDUT, 21
WRITF( 6, 531 ) ( KOUT(J)e J = 2, 21 )
763 IF( SIG JNF, 0. ) GO TO 761
TT0 CONTINUF
WRITF( 6. 580 )
NPLUS? = NN + 2
po 790 . = 2, NPLUS?
L POWFR = NPLUS?- L
WRITF( 64 521 ) LPOWFR
LFT DEL = ORDER E{L), INC, FUL
SIG = 0.
781 LFT SIG = BCNDCON DEL o KOUT, 21
WRITE( 6, 531 ) ( KOUTEIN e J = 2, 21 )
783 IF{ SIG .NF. 0. ) GO YO 781
790 CONTINUF

GO 1O 700
501 FORMAT( 1HY / 1HO /
5011 29X, 59H-—————————=—= HFEQ AND C/R IN TERMS OF THE H(I)
5012 ———m—m————— )
510 FORMAT{ 1Hl.47X.30H(NUMERATOR POLYNOMIAL OF C/R} /1HO)
521 FORMATI 1HJ, 8Xs19H COEFFICIENT OF S%*x%x, 2, O5H = )

531 FORMAT( 36X, 1646 )

540 FORMAT { 1HK /

5401 1HK«19Xs 60HCHARACTERISTIC POLYNOMIAL - (DENOMINATOR POLYNOMIAL
540720F C/RY  /1HO)

SA0 FORMAT(IHL /1HO/

5601 20X, 29HNUMFRATOR POLYNOMIAL OF HEQ /1HO }

580 FDRMAT( 1HO /

SA01 1HK,. 19X, 31HDENOMINATOR POLYNOMIAL OF HEQ /1HO) ¢
FND




STRFTC A7 NAM
SURRDUTINE RZU( N,
C THIS SURRNUTINF R
r USING N = KG.
NIMENSINN R(20)
RFAD( 5.530 ) CKY

IDATA = O
nn10 1 = 1, N
TDATA = IDATA + 1

INMINL = TDATA -
2FAD( 5.520 ) 1IN
TF{ IN1 - INATA )

CKl, R )

FADS AND WRITES R(T) AND READS AND WRITES CK,

1
« RIT)
21, 10, 21

21 WRITE( 6.522 ) INMINI]

GO 1O 62
10 CONTINUF
WRITF{ 6,540 )Y N
Ny S0 J = 1. N
Jy =N -
WRTTFL 6,543 ) JJ
50 CONTINUF

« R{J)

WRITFL 64551 ) CKI

50 CONTINUF
RFTURN

520 FORMAT{ 12, F13.6 )

522 FORMAT(THIL9X.24HNDATA CARD FOLLOWING CARD

5221 )
53N FORMAT( F15.6 )
540 FORMAT( 1H1 /

S540V1HL v 31Xe S9H-——-—~

5402--~- /58%, TH{
5403 / 1HO /
5404 THK. 8X.

543 FORMAT( 1HK. 8X,
551 FIIMAT( THL. 9X,
&2 STOP

FND

INPUT)

19H COEFFICIENT NF S*x%,
19H COEFFICIENT OF Sx*%,
1?HGAIN CK = , Gl12.5

+12,17H IS OUT DOF DRDER.

12,
2.

9H
SH
)

*

1.0 }
6G12.5 )

19
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S$TAFTC RONTR

£ SuR

30

40

45

S0

LY¢]

70

20
90

iR 14}
110

SURROUTINE RNODTXX{A.R.NN)
RIYTINF TN SOLVF POLYNOMIALS WITH NO RONTS OF ORNDER (GT.2
COMPLFEX CMPLXCONJG.CSORT.C7ERO.CONE,Al11,A12,A21,
1A27 4 A31,A32,51452¢XeDXeTCLFOF1.,F2,R
COMPLEX X2,.,TEMP

NIMENSINN A(L1 }.R(1 ) -
FOUTIVALFNCF {FOLA12).(F1,A22),(F2,A31},.(TC.AL1Y)
1o(DXeA11},{S2.A%2)

DATA C7FROLCINF/(0.040.0)4(1.0.,0.0)/
1.,MAX,FPS/35,1.0F-T7/

N=NN

NN 30 K=1,NN

TFLACNI.NF.0.0) 6D TO 40

N=N-1

R(K}=C7FRO

RFTURN

TF{N.FQ.Y1)IGO TN 150

TFIN.FQ.2) GN TN 160

FN=F1 DOATIN)

NPI=N+1

NM1=N-1

FNMI=FLNAT(NM])

NP1=N+1

KS=K

STL=AIN-1}/A(N)
ST2=STI«STI-(A(N=2)+A(N-2))/A(N}
ASSIGN 110 TR M1

TF{K.GT.NN) RFTURN

KMl=K-1

ASSIGN 70 TO M2

7 120 1 =14MAX

GO TO M2,(70.50)

A12=CNNF

A22=CONF

A32=CONF

no 60 T=1,NM1

Alt=A12

A12=A(T)+X*A1l1

A21=A2?

A22=A12+X%¥A21

A31=A3?

A32=A724+ XA 31

F2=A31+A3)

FO=A(N)+X¥kA 12
TF(RFALIFO).FO.O.0.ANDLATMAGIFO).FQ.0.0)G0 TD 130
S1=F1/F0

S?2=S1*S1-F2/FN

GO 10O 80

X=L7FRNO

S1=CMPEX(ST1.NoN)

S?2=CMPLX{ST?.N.N)

ASSIGN 50 T0O M2

GN TO M1,(110,90)

N0 100 T=KS.KM]

TC=1.0/{(X-R(T))

S1=S1-TC

§?=52-TC*TC
TF({RFAL(S1).FQ.0N.)AND.(ATMAG(S]1).FO.0.)) GO TO 115
TC=FN/S1
NX=TC/{1.0+CSORT(FNMI*{TC%S2/S1-1.0)))
S0 TN 116

i . ke S e

- sl



115 NDX=FN/CSORT(FNM1*{FN*S2))
116 X=X-NX
TF(REAL(CARSINDX) I /REAL(CABS(X)).LE.EPSIGO TO 130
120 CONTINUF
NN=KM1]
CALI ARFRR(44H SURROUTINE ROOTXX HAS FAILED TO CONVERGE.
130 ASSIGN 90 TO M1
R{K)I=X
K=K+1
TF{ATMAGIX).FQ.0.0.0R.K.GT.NNIGD TO 45
R{KI=CONJIGI X)
K=<+1
G0 TO 45
150 RIKI=CMPLX{-A{1).,0.}
RFTURN
1A0 X1==-.5%A(1)
TEMP=A{1)*%A (1) -4 ,%A(2)
X2=5%CSORT(TFMP)
RIK  )1=X1+4X2
RIK+1I=X1-X2
RFTURN
FND

$TRFMC FC?FN
SUBROUTINE FMTOFN{ NA, A, AFTRN )
DIMENSTON A(10)
SYMARG A
NDIMENSTON AFTRN{ 10}
PN 100 J = 1. NA
LFY AFTRN(J) = EVAL AL J + 2 )
100 CONTINUF
RFTURN
END

$)
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s+ 2 s+4 S
(a) Open-loop system.
R(s) E(s) K X4(s) s+3 | Xofs) 1 X3(s) = C(s)
% $+72 s+4 s
hy
he
hs
(b) Closed-loop system with state variable feedback.
R(s) E(s) Xals) = Cls)
ols) - . Kls +3) 3

s(s + 2(s + 4)

(hy + his? + {8hy + 30, + hyls + 3hy
Hogls) =
eq s +3

(c} Closed-loop system with equivalent feedback transfer function.

Figure 1. - Example problem.

Ris) Xqls) X,ls) Xj(s) Xqfsh = Cls)
k1Gy(s) koGols} | KGiS) - KRGy s)

Figure 2. - Generalized block diagram for uise in supplying prugram input data,
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R(s) + K Xl s+3 X2 l X3(S) =C(s)
- s+ 2 s+4 S
h
s+3
S+4h2 |
h3

(a) Generation of Xo{s} from X1(s).

R(s) +m k Xl s +3 XZ .1_ X3‘S) = Cls)
- s+ 2 s+4 S
hy
Shz
h3
{b) Generation ¢f Xz(s) from X3(s).
R(s) + k Xl s +3 XZ l X3(S) = C(s)
- s+ 2 “ls+a S
s+4
s+3M
h2

Ty Lo

(c} Generation of Xy(s) from Xofs).

Figure 3. - Generation of state variables by block diagram manipulation.

24




Input Data Sheet - State Variable Feedback

1 23 456 78 9101112131415 16 to 80

-]

O NO [0 N[O VT [ o (PO (= (O[O |00 |~ O [un e oo [N |— IQ
T

[ S I e e e I B el e R e el Pl (e N (e N (e N (an i ‘e )

=

-
O ~NO (00 N ON [ oo PO

O D

L Case I problems only

>

Figure 4. - Input data sheet.
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Input Data Sheet Instructions

1 Title card - contents will be printed at top of first output page
(3<KG6<10)~
“KG | NN | ND

KG = number of blocks in open-loop transfer function
NN = order of numerator ND = order of denominator after cancellation
0 1| FORMAC expression for numerator of left-most block (must contain CK)
02| FORMAC expression for denominator of left-most block

03| FORMAC expression for numerator of next block to right

0 4| FORMAC expression for denominator of next block to right
0 5

0 6

Variable etc.

must be s

Each expres-
sion termi-
nates with $ 4

First block -
numerator
uses CK to
represent
the gain
FORMAC expression for numerator of right-most block
$ 2:KG| FORMAC expression for denominator of right-most block
CK Numerical value of CK (used as unknown in numerator of left-
(E15.6 or F15.6) most block). This must be a blank card for nonlinear problems.
0 11 Coefficient of desired characteristic equation for sND-1
0 21| Coefficient of desired characteristic equation for sND-2
etc. efc.
Repetitions Format
of this J specifi-
group may > cation
follow E13.6 or
F13.6
L [ ND_| Coefficient of desired characteristic equation for s0

7

“~{ND must equal KG)

Figure 5. - Instructions for filling out input data sheet.




1 2345678 9101112131415 16 to 80

— Titlefupto?9characters) |

- ampdes 77@(.4&,”21 lnc) T

| NN_|

| ND |

o/

03

CHE

2 r2, 5

A,rj’)x

A 4

£

/¢,

S

o\ooo-\noxmjz.wmwoooowoxmbwr\w»—-(hlc’%

x+r\).—-.-u—-.—-.—-._‘._-’-u—->—'oooooooooOIK'—‘

|

4
J

(=l -]

L3

5

#2

4~

\ Case I problems only

|l =l el el el enl ‘el

I fo |oo oy o e oo o |-

(a) Case L

Figure 6. - Example prodlem input data sheet.
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Input Data Sheet - State Variable Feedback

1 2345678 9101112131415 16 1o 80

| _ Title(uptoZ9charaterss  _ __ _ ___ ___ _ |
| Ezarmple) Fholdiry Caser IZ

| NN _ND_{
o/ 03
CH S
2 2.

Ar@.f
YR 4
w4

s

S =
“p

O[O (00 |~ [ON [\ (B s (R0 | D (0 (00 [~ aN [\ [ o ho =

||+r\>>—-._-._a._'._‘._”_'._‘.—'.—:ooooboooo

Lcase 1 problems only

P—-‘DOPOOOOOO
RO 100 O NN PO —

() Case 11
Figure 6. - Concluded.
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Input Data Sheet - State Variable Feedback
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Figure 9. - Appendix A problem input data sheet.
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